Necessary and sufficient conditions are given for the generalized convolution of two arithmetic functions which are units with respect to a basic sequence & to be again a unit on &.
These conditions are then investigated from function-theoretic and combinatorial points of view. !• Introduction* The relation between the multiplicative properties of an arithmetic function and the underlying basic sequence has already been studied in some detail (see [1] ). We will confine ourselves here to the consideration of a certain class of basic sequences, and an investigation of the properties of convolutions of arithmetic functions over these basic sequences. The definitions and preliminary results used here may be found in [1] , but we will repeat them as a matter of convenience.
A where p is a prime. A pair (α, 6) of positive integers is called a primitive pair if both a and b are primes. If a Φ 6, the pair is a type I primitive pair; if a = b, the pair is a type II primitive pair. We see that a basic sequence is completely determined by the primitive pairs it contains. If Φ is any set of pairs (primitive or not) of positive integers, the basic sequence generated by Φ is defined to be where the intersection is taken over all basic sequences 3r which contain Φ. Thus, a basic sequence is generated by its subset of 391 primitive pairs. An arithmetic function is a real-valued function defined on the set of natural numbers. Let / be an arithmetic function and let m and n be natural numbers. We define
Let & be a basic sequence. We say that the index of multiplicativity of / with respect to & exists, and has the value /(/, provided The following example will illustrate Theorem 1.2 and some of the preceding definitions. EXAMPLE 1.3. Let {Pj}J =1 be an enumeration of the primes in ascending order, and let & be the basic sequence generated by the following set of primitive pairs:
Thus & is generated by the pairs (2.5), (2, 7), (2, 11), , (3, 7), (3, 11), (3,13),
, and so forth. & c ^^ and & is cohesive. Now define the arithmetic functions / and g by lifβfft,
a m, where 6|m .
/ and g are units on .^, and f ° %> g is also a unit on έ%? for every basic sequence g 7 which contains £$. We note that although neither / nor g is multiplicative with respect to ^^, each is multiplicative with respect to &. We will see shortly (Theorem 2.3) that the multiplicativity of / and g on & was unavoidable. Theorem 1.2 provides a link between the multiplicative properties of certain arithmetic functions and the combinatorial properties (e.g., cohesiveness) of the underlying basic sequence. We discuss the function-theoretic consequences of cohesiveness in § 2 and use the results obtained there to give a proof of Theorem 1.2 in § 3.
In § 4 we examine the combinatorical aspects of cohesiveness and in § 5 we present two examples which supplement the results given in §4.
2* Function-theoretic properties of cohesiveness* From the statement of Theorem 1.2 one is led naturally to look for other characterizations of cohesiveness in terms of the behavior of the units The following necessary condition for cohesiveness is an immediate consequence of [1, Theorem 4.11 Proof. Suppose & is cohesive and that / satisfies (a) and (b). Since /(/, &) = 0 we may apply Lemma 2.3 of [1] . Let N x be the integer given there and let iV* = max{iSΓ, JNi}. For any positive integer n, the cohesiveness of & implies the existence of an integer a > 1 such that (α, n) e &. If t is chosen so that a* ^ N*, then a ι n ^ N and so f(a*n) Φ 0. But also a*n ^ N u and since (a*, n) e ^, Lemma 2.3 of [1] implies f{a % )f{n) Φ 0. Hence /O) ^ 0 and (2) A basic sequence which is cohesive is one which, roughly speaking, lias enough primitive pairs and for which the primitive pairs are properly distributed. The following two theorems and their corollaries will make these notions more precise. EXAMPLE 5.1. The basic sequence & generated by {(2, p)\peP} is cohesive and δ{&) = 0. Thus a cohesive basic sequence may be very small if it contains the "right" primitive pairs.
EXAMPLE 5.2. Let P λ and P 2 be two disjoint infinite sets of primes such that P x U P 2 -P, and let & be generated by {(p, q)\p, qe P 1 or p, q e P 2 } Clearly & is not cohesive. Moreover, by choosing the primes in P 2 to be large and very sparse, we can make ΰ(0) as close to 1 as we wish. So & can be very large, but without a suitable structure on the set of primitive pairs cohesiveness cannot be guaranteed.
We note that no prime is finitely distributed with respect to & and that C^{p) is infinite for every prime p, hence the converses of Corollary 4.1.1 and Theorem 4.2 do not hold.
